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ABSTRACT

It is known that not all simple polyhedra can be tetrahedralized, i.e., decomposed into a set of
tetrahedra without adding new vertices (tetrahedralization). We investigate several classes of
simple and non-simple polyhedra that admit such decompositions. In particular, we show that
certain classes of rectilinear (isothetic) simple polyhedra can always be tetrahedraliz@;ﬂ in O(
time wheren is the number of vertices in the polyhedron. We also show that polyhedral slabs
(even with holes) as well as subdivision slabs can always be tetrahedralizedag Q) time.
Furthermore, for simple polyhedral slabsWDfme suffices. We show that polyhedra that are

the union of three convex polyhedra can always be tetrahedralized%)wt'@(e. Finally we

show that if a polyhedron is the union of four or more convex polyhedra it does not necessarily
admit a tetrahedralization.

1. I ntroduction

Decomposing a geometric object into simpler parts is one of the most fundamental problems
in computational geometry. It is well known that every simple polygon can be triangulated, decom-
posed into triangles without adding new vertices (Steiner points) [Lel1]. In fact, recently Chazelle
showed that a simple polygon can be triangulated in linear time [Ch91]. The problem of tetrahedraliz-
ing a simple polyhedron in 3D without adding new vertices is significantly more difficult than its 2D
counter part.

Schoenhardt gave a counterexample (the 6-vertex polyhedron illustrated in Fig.1) showing that
it is not always possible to tetrahedralize a simple polyhedron [Sch28]. Bagemihl extended Schoen-
hardt’s result by showing that there existertex simple polyhedron which cannot be tetrahedralized
[Bag48] (Fig.2). Seidel gave a counterexample to show that not all simple rectilinear polyhedra can be
tetrahedralized (Chapter 10 of [O’R87]). Recently Ruppert and Seidel showed that it is NP-complete
to decide whether a simple polyhedron (even if it is known to be star-shaped) can be tetrahedralized
[RS92]. Nevertheless Chazelle and Palios showed that?b Sfeiner points are allowed, a simple
polyhedron can be tetrahedralized into a linear number of tetrahedra iog®¥+r) time, where is
the number of reflex edges of the given polyhedron [CP92].

Although it seems that tetrahedralizing a general simple polyhedron in 3D is an intractable
problem, there are some results known regarding tetrahedralizing special classes of simple and non-
simple polyhedra. It is well known for example that a convex polyhedron in 3D can always be tetra-
hedralized in linear time by simply connecting with line segments any vertex of the polyhedron to all
the other vertices [Lell]. Also recently Goodman and Pach [GP88] proved that the class of simple
polyhedra defined bH(P [ Q) - P - Q, whereCH denotes convex hull,,® are both convex poly-
hedra and® n Q =[1, can always be tetrahedralized. They also showed that the cla@s®mple
polyhedra defined bl - Q, such tha@, P are both convex polyhedra a@d] P (we call such a poly-
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Fig. 1 Schoenhardt’'s counterexample. Fig. 2 Bagemihl's counterexample.

hedron aconvex annulus henceforth), can always be tetrahedralized. Both of these algorithms have a
time complexity of Of?). Bern [Be93] proved that the first algorithm is optimal and he proposed an
O(n log n) time algorithm to improve the second one.

In this paper we show that the following classes of simple and non-simple polyhedra can al-
ways be tetrahedralized: a simple slab (with or without holes), a subdivision slab, a box with fixed
depth rectilinear holes (we call it a type-1 box henceforth) and a box with linearly ordered rectangular
holes (we call it a type-2 box henceforth). We also show that the union of three convex polyhedra can
always be tetrahedralized while the union of four convex polyhedra need not admit a tetrahedraliza-
tion.

2. Simple and Non-simple Slabs

We begin by giving some elementary definitionssiiple slab Sis a simple polyhedron de-
fined by translating a simple polygénwith m vertices by a fixed distance in an arbitrary direction
thus defining another identical polygonal fé&€esuch that botlir andF are faces of and all other
faces are parallelograms resulting from the insertion of edges between pairs of corresponding vertices
of F andF . If F is a triangle the®is called grism. If F is a simple polygon witk holes we call the
resulting non-simple polyhedronsib with k holesWe show that an-vertex slab witrk holes can
always be tetrahedralized. In a prism we say that two diagonaisiacident if they meet at a vertex.
Note that if a prism has two coincident diagonals then we can tetrahedralize the prism in two different
ways: we can triangulate the un-triangulated face (we call this faeeface henceforth) by inserting
one of the diagonals arbitrarily. The following algorithm tetrahedralizes a slalk ivtles.

Algorithm 1
begin
Sep 1: Triangulate the polygoi with holes.

Sep 2: Construct a grapB with k+1 vertices such that each node of the graph corresponds to
a hole or the outermost face of the polygon. For every diagonal which connects two holes or
connects a hole with the outermost facd-olve insert an edge between the corresponding
nodes of the graph. This gives us a connected planar gra@h @mpute a spanning tree of

G. Label theékdiagonals which correspond to thedges of this spanning tredting diagonals

and double these cutting diagonals. This results in a triangulated simple polygon (without
holes).



Sep 3: Visit every prism whose top has one cutting diagonal and icded dent diagonals

on the faces of the prism opposite to the face whose top edge is the cutting diagonal (this makes
the face, incident to the cutting diagonal, a free face). These prisms are labedtealned

prisms because if one of the inserted diagonals is later flipped (if necessary) then so is its neigh-
bor in order to preserve coincidence and the resulting freedom for inserting diagonals on its cut-
ting diagonal face.

Sep 4: Visit every prism whose top has two cutting diagonals and icgi@dident diagonals

on the faces of the prism containing the cutting diagonals. These prisms are lbeded

prisms because these diagonals will never be changed again. If more than one triangle each
containing two cutting diagonals have these cutting diagonals anchored on the same vertex then
all inserted diagonals are made coincident on this vertex.

Sep 5: Compute the dual tree of the triangulatiorFon

Sep 6: Starting with any leaf of this dual tree perform a depth-first search to visit all prisms.
Triangulate all prisms as they are visited except fofied ones. If a prism is ordinary it can
be triangulated arbitrarily. If the prisma@snstrained then coincidence should be respected.

end
Sketch of Proof of Correctness:

The only possible conflicts arise at prisms corresponding to leaves of the dual tree where we
must make sure that the prisms on both sides of the cutting diagonals contain matching diagonals. First
there is no face in the triangulation of the upper face with three cutting diagonals. This means that the
spanning tree we obtain 8ep (2) has a cycle. We call a prism corresponding to a leaf in the dual tree
whose upper face contains one cutting diagortgpeal prism; a prism corresponding to a degree-two
node in the dual tree whose upper face contains one cutting diaggp@aprism and a prism cor-
responding to a leaf in the dual tree whose upper face contains two cutting diaggoe arism.

Now we consider the following three cases:

(1) A type -1 prism shares the free face with another type-1 prism or a type-2 prism. According
the Step (3), the top edge of the free face is a cutting diagonal and the free face can be triangulated
arbitrarily. We only need to choose one triangulation to make the tetrahedralization of the two prisms
consistent.

(1) A type-1 prism or a type-2 prism shares its free face with a type-3 prism. According to Step
(4), this face is a face of the type-3 prism and is already triangulated by inserting a coincident diagonal.
This gives us a triangulation of the free face (hence a tetrahedralization of the two prisms).

(I11) A type-3 prism shares a cutting diagonal face with another type-3 prism. Again according

to Sep (4), the face of a type-3 prism whose top edge is not a cutting diagonal is a free face. If two (or
more) prisms have their cutting diagonals anchored on the same vertex then all inserted diagonals are
incident to this vertex and therefore the face separating the two prisms has a consistent triangulation.
Otherwise we insert coincident diagonals on the non-free faces of one prism. Then according to the
triangulation of the face separating the two prisms we insert coincident diagonals on the non-free faces
of the other prism. For both of these two sub-cases any triangulation of the free faces gives us a tetra-
hedralization of the two prisms.

A complexity analysis establishes the following theorem.
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Theorem 1. An n-vertex polyhedral slab with holes can be tetrahedralized in optimdb@®(
n) time and linear space and a simpleertex slab can be tetrahedralized in optimal)@me.

Now we generalize Algorithm 1 to obtain an algorithm for tetrahedralizing a (bounded) subdi-
vision slab. A bounded) subdivision slab is built from two identical planar subdivisions lying on two
parallel planes (without loss of generality, assume the two planes are parallel to the X-Y plane) such
that every face which is not parallel to the X-Y plane is a parallelogram.

The proof of correctness is similar to that for Algorithm 1 and is therefore omitted. We show
instead how to transform the problem so that we can apply Algorithm 1 directly.

Algorithm 2:
begin
Sep 1: Triangulate the upper and lower faces of the subdivision slab.

Sep 2: Compute a spanning tree of the dual graph of the triangulation. If an edge of the dual
graph is not an edge of the spanning tree, then double the edge in the triangulation which cor-
responds to that dual graph edge. This gives us a triangulated polygon. To make the terminol-
ogy consistent with what we used in Algorithm 1, we call these edges which are dautbled

ting diagonals.

Sep 3: Run Steps (3)-(6) of Algorithm 1.
end
Analysisof Algorithm 2:

Step (1) has a time complexity offdog n) and Step (2) takes @)(time. The remaining steps
take a total of Qf) time. Therefore the algorithm runs inrd¢g n) time and linear space. We thus
have the following theorem.

Theorem 2: An n-vertex subdivision slab can be tetrahedralized ml@g n) time.

3. Rectilinear polyhedra

We mentioned in the introduction that it is not always possible to tetrahedralize a simple recti-
linear polyhedron. Nevertheless we show in this section that certain special classes of rectilinear poly-
hedra can always be tetrahedralized.

We first give a definition of the two classes of simple rectilinear polyhedra to be investigated.
A type-1 box is defined as follows: given a 3D rectilinear box with heigjhitdig" a set of pairwise
non-intersecting rectilinear polygonal holes at the top of the box such that all these holes have a unique
depthh, such thah < H. We call the resulting simple rectilinear polyhedragpe-1 box (see Fig.3).
A type-2 box is defined similarly: given a 3D rectilinear box with heightlig a set of non-intersecting
rectangular holes (i.e. their orthogonal projections on the top of the box are a set of disjoint rectangles)
on the top of the surface of the box such that the heights of thehhsleis(for all i), and the holes are
linearly ordered along a directibronF, i.e. the orthogonal projections of the rectangles on the top of
the box along are a set of disjoint line segmentsldeee Fig. 4)Since such an ordering of the holes
(if it exists) can be computed in ©log n) time by sorting, we assume that such an order is already
known. We call such a simple rectilinear polyhedron a type-2 box. We give below two algorithms, Al-
gorithms 3 and 4, to tetrahedralize a type-1 box and a type-2 box, respectively.
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Algorithm 3

Sep 1: Compute the convex hull of the rectilinear holes. Since the holes have the same depth,
we obtain a slab with holes of heidht

Sep 2: Run Algorithm 1 to tetrahedralize the above slab. We are left with a box with B hole
such that the bottom of the hole is a planar triangulation.

Sep 3: Run the algorithm by Bern to tetrahedralize the polyhedron obtair8sepi(R).

Note that after Steps (1) and (2) we have a rectilinear box with a hole such that there are copla-
nar edges on the hole. We can think of this as a convex annulus such that the outer polyhedron is a 6-
vertex rectilinear polyhedron and the inner polyhedron is a convex a polyhedron (with coplanar edges).
It can be shown that Bern'’s algorithm, which essentially cuts off convex vertices of the outer polyhe-
dron one by one, also works for the above situation, i.e., even if there are coplanar edges on the inner
convex polyhedron. We therefore have the following:

Theorem 3: An n-vertex type-1 box can be tetrahedralize®{n log n) time and linear space.

Now we propose a quadratic time algorithm to tetrahedralize\antex type-2 box withk
holes:p(1), p(2),...,p(K) (without loss of generality assurkés a power of 2). Though the holes have a
linear order along, if we tetrahedralize them incrementally we obtain Qn3)Dtime algorithm. In-
stead, we apply a divide-and-conquer strategy described as Algorithm 4.

Algorithm 4

Sep 1: Tetrahedralize the region bounded by the holes using a divide-and-conquer strategy; i.e.
tetrahedralize the regions formed by the #/&tholes and by the lakf2 holes, then combine
the results by applying Goodman and Pach’s algorithm [GP88].

Sep 2: Run the algorithm by Bern to tetrahedralize the convex annulus obtaifed (i).

The only thing we need to show is that Step (1) always works. The crucial point is that the holes
are linearly ordered. The first iteration will tetrahedralize the regions forme(iLhyp(2),..., p(k-1),
p(k). After the first iteration we havi2 convex holes which are still linearly ordered alén@his
property holds after every iteration. Therefore we can simply continue this recursive procedure until
only one convex hole remains.

The analysis of Algorithm 4 is as follows: Step (2) runs inl@g n) time. Step (1) can be mea-
sured by the following recurrence relation:

T(n) = 2 T(n/2) + O(n?) = O(n).
Therefore the time complexity of Algorithm 4 isréX.

Theorem 4: Ann-vertex type-2 box can be tetrahedralized in2®(ime.

4. Union of Convex Polyhedra

In this section we show the tetrahedralization of a class of polyhedra which is the union of con-
vex polyhedra. A polyhedron is calledUgk) polyhedron if it is the union df convex polyhedra.
Therefore trivially,U(1) can always be tetrahedralized and it is straightforward to show {@atan
always be tetrahedralized. We will show th&t(&) polyhedron can always be tetrahedralized while a
U(4) polyhedron can not always be tetrahedralized.
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Fig. 3 A type-1 box. Fig. 4 A type-2 box.

8

LetP and Q be two convex polyhedra such tiat Q is not empty. For simplicity, we will
not consider the cases wheand Q do not have proper intersections, i.e., wRenQ is only a point,
a line segment or a polygonal face. Cetvhich will be called @rown henceforth, be the simple closed
polygonal chain of® n Q as well as on the surfaces of b&tand Q. ThereforeCH(C), the convex
hull of the vertices o€, separateP into two parts. We call any of the two partdPe€H(C) aconvex
cap (with respect toQ) and denote it bZ(P,Q) (Fig.5).

C
1
C CS
2
I

Fig. 5 A U(2) polyhedron and the Fig. 6 An irlterlocked U(3) polyhedron.
illustration for a convex cap.

Lemma 5: Ann-vertex convex cap can be tetrahedralized inldg) time.

Proof: A convex cap can be seen as a special case of a convex annulus, which can always be
tetrahedralized in @{ogn) time [Be93].

We say dJ(3) polyhedron with no convex cap isiaterlocked U(3) polyhedron (Fig. 6). By
definition, we know that an interlockéd{3) polyhedron must nest each other.

Lemma 6: Ann-vertex interlockedJ(3) polyhedron can be tetrahedralized irmb([ime.

Proof: (Refer to Fig.6) Let denote an interlocked(3) polyhedron, and le€;, C, andCz be
its three crowns. The@H(C,), CH(C,) andCH(C3) separaté into three partsly,l, andlsz. 11015
UCH(C)UCH(Cy)UCH(Cy) is aU(2) polyhedron, which can be tetrahedralized in linear tigis.a
convex polyhedron with two disjoint convex holes, which can be tetrahedralized by first running
Goodman and Pach’s algorithm [GP88] to tetrahedralize the part between the two convex holes, then
tetrahedralize the remaining polyhedron (which is a convex annulus) by running Bern’s algorithm
[Be93].



Theorem 7: Ann-vertexU(3) polyhedron can be tetrahedralized innb([ime.

Proof: (Refer to Fig.7) If there exists a vertex of @) polyhedrorJ3 which is the union
of P1,P, andPs, then it is trivial thatyz can be tetrahedralized. Otherwise, every vertéxzdie-
longs to at most two original polyhedra. In this case the crowiag afidP, do not intersect those
of P, andP3 and those oP; andP3. Now we remove and tetrahedralize all the convex caps (if
any), the remainder is either a convex polyhedron (case (a)) or an interldRegdolyhedron
(case (b)), which can all be tetrahedralized. Thazﬁt(me complexity of this algorithm (will be
given in the following paragraph) follows from Lemma 6.

(@)

(b)

Fig. 7 The illustration for the proof of Theorem 7.
Algorithm 5

Sep 1: Identify all the crowns by traversing the refles edgeldpfCompute the convex
hull of each crown, consequently we have all the convex caps.

Sep 2: Remove and tetrahedralize all the convex caps.

Sep 3: If the remainder is a convex polyhedron, tetrahedralize it directly.
Otherwise, the remainder is an interlocdé8l) polyhedron. Use the method in
Lemma 6 to tetrahedralize it in quadratic time.

We have shown thatld(3) polyhedron can always be tetrahedralized. Now we will give a
counterexample to show thatyéd) polyhedron is not always tetrahedralizable. The example is es-
sentially based on the Shoenhardt polyhedron, which can be decomposed into four disjoint convex
polyhedra (no two convex polyhedra intersect except on their surface) (Fig.8). Consequently we
have shown that the Shoenhardt polyhedron is the union of four convex polyhedra.

Theorem 8: A U(4) polyhedron can not always be tetrahedralized.



Fig.8 The shoenhardt polyhedron can be decomposed into 4 disjoint
convex polyhedron: P(aefl), P(bdf2), P(cde3) and P(abc123).

5. Concluding Remarks

We follow in the footsteps of Goodman and Pach[GP88] as well as Bern [Be93] by show-
ing in this paper that certain special classes of simple and non-simple polyhedra can always be tet-
rahedralized. We also provide efficient algorithms for obtaining tetrahedralizations of polyhedra
belonging to these classes. One direction for future research is to find other nontrivial classes of
polyhedra which can be tetrahedralized. For example, if we modify the definition of a type-2 box
such that the holes do not have a linear order and call the resulting polyhégpes dox, then
it is not always possible to tetrahedralize a type-3 box by simply running Goodman and Pach’s al-
gorithm.
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